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In the present note we prove the uniqueness of the solutions to some
problems involving heat transfer by weak convection in the absence of
temperature discontinuities.

1. We consider the equation of weak convection in its non-dimensional
form[1, 2]

(v Nv=—VYp—UY XUXVv—M0, 0ov.V0=AD, divv=0 (1.1)

Here v denotes the velocity of the fluid, € the difference between the
temperature of the fluid and its mean value 6*, The pressure is reckoned
from its value p* = p(f*) and in a state of mechanical equilibrium of the
fluid, The symbols y and ¢ denote, respectively, the Grosshof and Prandtl
numbers, whereas y denotes the unit vector in the direction of the
gravitational acceleration,

We shall assume that the fluid occupies volume D within an arbitrary
surface § in an infinitely rigid solid medium in which at an infinite
distance from volume D a non-vertical temperature gradient is prescribed
(here it is assumed that some characteristic length ! of D is chosen as
the unit of length). In this case (1.1) must be supplemented [3 ] with
the equation which describes the temperature distribution & in the solid

A8 =0 (1.2)
where 8% is also measured from 6%,

Thus the set of equations (1.1), (1.,2) is to be solved subject to the
boundary conditions [3 ]

v=0,0on¢§ (1.3}

— e de — dﬂc 2= () { 4
[0 — 6] =0, (a.; a ?ﬂs (1 4)
Ve'|=a for p— (1.5
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Here S denotes the boundary of the volume D, o is the ratio of the
thermal conductivity «® of the solid to that « in the fluid; a denotes
the unit vector in the direction of the temperature gradient at infinity,
n is the normal to the surface S.

We shall seek solutions of the set (1.1) - (1,2) in the form of
series [ 2]
V:lvl—*-)\ng-‘r-"‘, ﬁ=60+}‘61+7362+-~- (16)
P=2ip1 -+ Ap -t 0°—~ 8y 4 20, + 238, |- '
Assuming that these series converge absolutely and uniformly, we sub-

stitute them into (1.1) - (1.2). In this manner we obtain sets of equa-
tions for the successive determination of the unknown functions in (1.6):

A8, = 0, A8, 0, VPy+V XV xv,=F, (1.7
A0, - [, A%, =0, divv, =0 (1.8)
where
Fn - ’—70"_41 - E (VJV) Vi (k, i=1, v, , 1) (1‘9)
Ptk
D A v N A ISR (1.10)
itk=n

The function 8, can be represented in the form
8, a-p+ 8a (1.11)
Hence, the functions B, By, ., B must be regular at infinity in

0
accordance with (1.5),

Starting with (1.3) - (1.5) and taking into account (1.11) we obtain
the following boundary conditions for (1.7), (1.8):

0 —a-p— Bnlg=10

F?g —a %(é.g+ 8"‘)}5 -0

dn
V8 =0 for ;;w»oo,vnlsz—_i) at § (1.12)
e,  d9,
B,—%1s=0 |g7—agils=0 V=0 fore—oo (L.13)

In this manner, in order to find each approximation (v,, p,, 0, %)
(n=1, 2, ...), it is necessary to solve a system of linear differential

equations subject to the boundary conditions (1.13).

The problems of convergence of the methods of successive approximations
have been considered by Linieikin [4 ] for the two-dimensional case, and
by the Author* for the three-dimensional case.

* Stastisnarnaia teplovaia konvektsiia v trubakh peremiennovo Getcheniia
(Steady-state heat transfer by convection in channels of variable cross-
section), Thesis, Perm University, 1954,
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The problem of the uniqueness of the solutions of the equations of
heat transfer by convections when the conditions of heating are prescribed
directly on the boundary of the volume in the forms of a rectangular
parallelepiped have been considered by Veniamienovitch (51].

In what follows, we shall prove the uniqueness of the expansions in
(1.6) for the problem as formulated in the preceding discussion,

2. Uniqueness of the expansions in (1.6). We assume that the approxi-
mations (v,, Vp,. 9., %) (k=1, 2, ..., n— 1) have been determined up
to order (n - 1), and that each of them proves to be unique., We then
prove that the n’th approximation (v, Vp,. 8, 9,) 1s also unique.

We now admit the opposite: the system of equations (1.7), (1.8)
possess two different solutions v, VUp,, 6, 8, and v,’, Vp,' 6, 9,
which satisfy the conditions (1,13).

We introduce the notation
u=v, — vy, Vr = Vpy = VP t=0,—8,", $=29,—9,’ @

The latter functions satisfy the linear equations

VRt U XV xu==0 At=0 (2.2)
A% =0, diva=20 (2.3)

and the boundary conditions

w=0, t—9=0  H_g9 _ on s’ @2.4)
dn dn
V8=0 for p—@ (2.5)

We multiply the first equation (2.2) by u, and the first equation
(2.3) by t and integrate over the volume D; we then obtain

»

\uV:cdl) =+ K(u'v w7 X uydD =0, \IAt dD=20 {2.6)
D D ;

Making use of the second equation (2,3) and of the first condition
(2.4), we obtain from the first equation (2.6) that

X(VZU)%]U::O or Y xu=0 insideD @2.7)
D

In view of the second equation (2.3) and the first equation (2.4), it
follows that

u=v, —v, =0 inside D {2.8)

Purther, taking into account (2.8), we obtain from the first equation
(2.2) that
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Vr=vVp,—Vp, =0 inside D (2.9

Making use of Green’s formula, we represent the second integral in
(2.6) in the form

. dt
\(vt)2 dD—-St = dS =0 (2.10)

o

b s

We now transform the second integral in (2.10) making use of the
second and third equation (2.4); we obtain

dt d9 d d
S

Hence v denotes the inner normal to the surface S, the function 9,
which satisfied the first condition (2.3) is harmonic outside D and is
regular at infinity in accordance with (2.5). Hence the left-hand part
of (2.11) can be transformed to

dt
S: S dS =—a i (72dD° 2.12)
s Be

where DU is the x space exterior to D,

Taking into account (2.11) and (2.12), equation (2.10) can be trans-
formed to

S(vz)z dD = —a S (79)2dD° (2.13)
D De

Since a > 0, it follows from (2.13) that

Yt= 0  inside D, 7%= 0  inside D°

Hence, in view of (2.4) and (2.5), we have

=6 —6,=0 inside D, $=9,—8, =0 inside D° (214

The relations (2.8), (2.14) show that if all approximations up to
order (n -~ 1) are unique, then the n’th approximation is also unique, It
is easy to verify that the zeroth approximation is unique. Hence, in
accordance with what has been proved, all approximations (v, p,, 6,, 9,)
are unique. It follows that the expansions (1,6) which solve the system
(1.1) - (1.2) subject to the boundary conditions (1.3) - (1.,5) are unique
for those values of the Grasshof number A, for which the series (1.6)
converges absolutely and uniformly. Under those conditions, according to
(2.9), the presence p is determined up to a constant; this is usually
sufficient in problems of natural convection,

The uniqueness of the expansion in terms of the Grasshof number of
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solutions of the system of equations of heat convection in a volume of
arbitrary shape for problems without discontinuities and with a pre-
scirbed temperature distribution or heat flux on the boundary, follows
directly from what has been proved above.
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